This investigation aims at analyzing the thin film flow passed over an inclined moving plate. The differential type non-Newtonian fluid of Williamson has been used as a base fluid in its unsteady state. The physical configuration of the oscillatory flow pattern has been demonstrated and especial attention has been paid to the oscillatory phenomena. The shear stresses have been combined with the energy equation. The uniform magnetic field has been applied perpendicularly to the flow field. The principal equations for fluid motion and temperature profiles have been modeled and simplified in the form of non-linear partial differential equations. The non-linear differential equations have been solved with the help of a powerful analytical technique known as Optimal Homotopy Asymptotic Method (OHAM). This method contains unknown convergence controlling parameters C 1 , C 2 , C 3 , ... which results in more efficient and fast convergence as compared to other analytical techniques. The OHAM results have been verified by using a second method known as Adomian Decomposition Method (ADM). The closed agreement of these two methods and the fast convergence of OHAM has been shown graphically and numerically. The comparison of the present work and published work has also been equated graphically and tabulated with absolute error. Moreover, the effect of important physical parameters like magnetic parameter M, gravitational parameter m, Oscillating parameter ω, Eckert number Ec and Williamson number We have also been derived and discussed in this article.
Introduction
Thin-film flows have various applications in the fields of engineering and industry. In chemical engineering, thin film layers have an effective role in the developments of thin-film reactors, distillation columns, condensers and evaporators. The huge advantages of a thin layer depends on its minute temperature fields using OHAM. The physical study of the magnetic field, gravity term, oscillation parameter and Eckert number is investigated and discussed in this work.
Materials and Methods
Consider a flow of thin film Williamson fluid on an inclined plate. The plate is oscillating and moving with a uniform velocity U at time t = 0 + . The thickness of the liquid film is considered uniform and equal to δ. The gravity force opposes the fluid motion and tries to make the fluid film drain down the plate. A uniform magnetic field is applied transversely to the translating inclined plate. Furthermore, during fluid motion, constant temperature filed is also considered. The flow is assumed to be unsteady and laminar after a small distance above the film surface.
The physical conditions of the unsteady problem are used as:
where ω is the frequency of the oscillating plate and δ is the thickness of the thin film. The Lorentz force J × B for the uniform Magnetic field is defined as:
where σ is the electrical conductivity of the fluid. The governing equations take the form as:
where u is the velocity vector, ρ is the fluid density, g is the gravity force, p is the pressure term, Θ is the temperature field, k defines thermal conductivity, C p is the specific heat and L = ∇u. The extra stress tensor T for the Williamson fluid is defined as in [4, 8] :
where Γ is the time constant, µ 0 is the zero viscosity, µ ∞ is the infinite viscosity, and .
γ is defined as:
where Π = trace(A 1 ) 2 = 2 ∂u ∂y 2 is the second invariant strain tensor derived as in [4, 8] . We consider the constitutive Equation (7) in which µ ∞ = 0 and Γ . γ < 1. The component of the extra stress tensor, therefore, can be written as:
where . γ = ∂u ∂y is the shear rate and Γ is the time constant. The unsteady unidirectional velocity field and temperature profile is defined as:
When (9) and (10) are used in (4)-(6), the continuity equation is identically satisfied and the momentum and energy equations without dynamic pressure are reduced to:
Introduce the following dimensionless parameters:
Using the above dimensionless parameters from Equation (13) in the governing partial differential Equations (11) and (12) and in the boundary conditions (1,2), we get:
Pr ∂Θ ∂t
∂u ∂y
where m, is the gravitational parameter, W e is the Williamson parameter, M is the magnetic parameter, Pr is the Prandtl number, E c is the Eckert number, ω is the oscillating parameter and t is the time parameter.
Solution by OHAM
The boundary value problem is considered to analyze the OHAM method as:
Here L denotes the linear operator of the differential equation, N is used as a non-linear operator, the independent variable is denoted by y, g is a source term and B is a boundary operator. According to OHAM, the homotopy is constructed as:
where q ∈ [0, 1] is an embedding parameter, H(q) = qc 1 + q 2 c 2 + ...m, is an auxiliary function, c 1 , c 2 are the convergence controlling parameters and ψ(x, t, q) is an unknown function. Obviously, when q = 0 and q = 1, it holds that:
Implanting Equation (20) in Equation (21) , accumulating the similar powers of q and comparing each coefficient of q to zero, the non-linear PDE are solved with the given boundary conditions to get u 0 (y, t), u 1 (y, t), u 2 (y, t). The general solution of Equation (21) can be written as:
The coefficients c 1 , c 2 , c 3 , ..., c m are the functions of y.
Inserting Equation (22) in Equation (18), the residual is obtained as:
Frequently methods like Ritz Method, Galerkin's Method, Collocation Method and Method of Least Squares are used to find the optimal values of c i , i = 1, 2, 3, 4.... The current problem is solved through the Method of Least Squares as given below:
where a and b are constants and selected from the domain of the problem. The controlling convergence parameters (c 1 , c 2 , c 3 , ..., c m ) can be obtained from:
Finally, from these controlling convergence parameters, the approximate solution is determined. The homotopy equation constructed in Equation (18) is applied to Equations (14) and (15) and the like powers of q are equated as:
q 2 : 
The zeroth, first and second components solution for the velocity and temperature fields are obtained from Equations (26)- (31) using the boundary conditions from Equations (16) and (17) , respectively. 
u(y, t, c 1 ) 
Basic Idea of Adomian Decomposition Method (ADM)
The Adomian Decomposition Method (ADM) is used to show the unknown function u(y, t) in the form of an infinite series.
The components u 0 (y, t), u 1 (y, t), u 2 (y, t), ..... of the infinite series can easily be obtained through simple integrals. The summary of the ADM is shown by considering a partial differential equation in an operator form as:
where
∂y 2 and L t = ∂ ∂t are invertible and linear operators, Ru(y, t) is a remaining linear term, f (y, t) is a source term, Nu(y, t) is non-linear part of the partial differential equation and easily expandable in the Adomian polynomials A n (y, t). After applying the inverse operator L −1 y to both sides of Equation (49), we get:
here, the function g(y, t) represents the terms arising from L −1 y f (y, t) after using the given conditions. L −1 y = (.)dydy is used as the inverse operator for the second order partial differential equation. Similarly, it is used for the higher order partial differential equation L −1 y and L y depends on the order of the partial differential equation.
Adomian Decomposition Method defines the series solution u(y, t) as:
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The non-linear term expands in Adomian polynomials as:
where the components u 0 (y, t), u 1 (y, t), u 2 (y, t), ..... are periodically derived as:
To determine the series components
, it is important to note that ADM suggests that the function g(y, t) actually describes the zeroth component u 0 (y, t).
The formal recursive relation is defined as:
and so on.
The ADM Solution of the Problem
The inverse operator L −1 y = (.)dydy is applied on the second order differential Equations (14) and (15) and, using the standard form of ADM, we get:
To obtain the series solutions of Equations (53) and (54), summation is used as:
For n ≥ 0 the Adomian polynomials A n (y, t), B n (y, t) and C n (y, t) from Equations (53) and (54) are defined as:
In components form Equations (55) and (56) are derived as:
Using the physical conditions from Equations (16) and (17) in the Equations (60)-(65), the zeroth and first component solution are obtained as: 
The second term solution for velocity field and temperature profile is too bulky, therefore, only graphical representations up to the second order are given.
Discussion
Due to the large uses of shear thinning fluids in medicines, especially for the preparation of drugs using oscillatory phenomena to mix the fluid particles to maintain uniformity and other engineering applications, the Williamson fluid is selected from the class of pseudoplastic fluids. Therefore, the recent work has been carried out considering the time-dependent thin film fluid flow of the Williamson fluid model. The study has been carried out on an inclined oscillating plate which is moving with constant velocity U and a constant magnetic field is applied to the plate perpendicularly in the presence of heat transmission. The physical configuration of the problem has been shown in Figure 1 . The modelled equations of velocity and temperature fields have been solved analytically by using OHAM. The effect of various embedded parameters has been discussed in Figures 2-10 . The physical presentation of the oscillation effect for the velocity profile has been shown in Figure 2 . The 3D figure demonstrates that initially the fluid oscillates with the plate jointly and, due to the strong cohesive forces of the non-Newtonian Williamson fluid, its amplitude towards the free surface decreases gradually. Figure 3 describes the 3D presentation of the temperature field. Small amplitude has been observed due to the effect of oscillating shear stresses, which has been combined with the energy equation. Fluid distribution during oscillation ωt in 2D has been shown in Figure 4 . This shows that the fluid flow oscillates together with the plate and this oscillation decreases towards the free surface. Physically, the complexity of non-Newtonian behavior and the strong internal forces among the fluid molecules produce friction forces and, as a result, the amplitude of the fluid flow falls towards the free surface. The effect of the temperature field during oscillation has been shown in Figure 5 . The amplitude of the flow increases gradually when the temperature increases. In fact, the cohesive forces among the fluid molecules, which keep these molecules closely compacted, reduce and, as a result, the amplitude of the fluid flow rises. The magnetic effect during fluid motion has been shown in Figure 6 . Increasing the magnetic parameter results in decreasing the fluid velocity. The reason for this is that the Lorentz force acts against the flow and, as a result, resistance force increases which reduces the flow motion. The effect of the oscillating parameter ω has been revealed in Figure 7 . The rising values of the oscillating parameter increase the fluid flow and the effect is similar as in [26, 27] . The effect of Williamson number has been shown in Figure 8 . Fluid motion reduces with the rise in Williamson number. The reason for this is that the rise in relaxation time causes higher resistance in the fluid flow and, as a result, the velocity field reduces. Figure 9 shows the effect of the gravitational parameter m on the velocity field. Increasing the gravitational parameter m decreases the velocity field. The plate moves in an upward direction and carries a fluid layer in its own direction while the gravitational force acts in the opposite (downward) direction. Therefore, the gravitational force opposes the motion of the fluid and tends to reduce the motion of the fluid particles. Increasing the Eckert number results in an increase in fluid motion because the thermal boundary layer thickness increases by the said increase in the Eckert number. As a result, the cohesive forces decrease which in turn increases the velocity of fluid shown, as shown in Figure 10 . Increasing the Williamson number during temperature distribution results in the motion of the fluid increasing as well, as shown in Figure 11 . It is noted that the increase is small near the plate and rises more rapidly towards the free surface, in agreeance with [26, 27] . The comparison of the present work and published work [22] has been shown in Figures 12 and 13 , where the common parameters have been counted and dissimilar parameters have been ignored. In the published work the plate moves vertically while in the present work the plate moves at an incline, with the same physical conditions. The gravitational parameter in the published work is known as stock number S t and in the present work it has been denoted by m. In Figure 12 , the larger values of the second grade parameter α and Williamson number W e show that the results only match at the boundaries. However, in Figure 13 , if we reduce the values of these two parameters, the graphical comparison becomes very close which specifies the validation of this work. The comparison of OHAM and ADM methods for the velocity field and temperature distribution have been shown in Figures 14 and 15 . It is clear from Figure 14 that the OHAM and ADM agree with each other initially, and the fast convergence of OHAM solution is clear at the boundary. Similarly, in Figure 15 , the boundary conditions are more clearly satisfied by OHAM as compared to ADM. Tables 1 and 2 show the numerical comparison of the present work with published work [22] . The absolute error is larger for higher values of the second grade parameter α and Williamson number We, as shown in Table 1 , but this error reduces for small values of these parameters. Tables 3 and 4 demonstrate the agreement of OHAM and ADM for velocity and temperature profiles, respectively, and the closed convergence of OHAM has been obtained.
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Conclusions
The Williamson fluid has been taken from the class of pseudoplastic fluids in the presence of magnetic field and heat transfer. The modelled problems of momentum and energy have been solved by using the Optimal Homotopy Asymptotic Method. The strong convergence of OHAM compared to ADM has been discussed in this work. The effects of various embedded parameters have been observed. The physical and numerical comparison of the present work and published work has been achieved in close agreement to each other, and the absolute error has been shown.
The main points of the work have been observed as:
• Initially, the liquid film oscillates jointly with the plate for a selected domain y ∈ [0, 1] and this oscillation rises slowly towards the free surface.
•
The gravitational effect near the belt is smaller due to the friction force, and this effect is more clear and rapid at the free surface.
The magnetic effect on the flow field has been observed, which opposes the fluid motion.
The thermal boundary layer thickness increases with larger values of Eckert number and the inter molecular forces among the fluid particles decrease and, as a result, the velocity of fluid film increases.
The fast convergence of OHAM has been observed by comparing its results with ADM.
